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Abstract 

Working directly on affine Lie groups, we construct several new formulations of the 
WZW model. In one formulation WZW is expressed as a one-dimensional mechanical 
system whose variables are coordinates on the affine Lie group. When written in terms 
of the affine group element, this formulation exhibits a two-dimensional WZW term. In 
another formulation WZW is written as a two-dimensional field theory, with a three- 
dimensional WZW term, whose fields are coordinates on the affine group. On the basis 
of these equivalent formulations, we develop a translation dictionary in which the new 
formulations on the affine Lie group are understood as mode formulations of the conven- 
tional WZW formulation on the Lie group. Using this dictionary, we also express WZW 
as a three-dimensional field theory on the Lie group with a four-dimensional WZW term. 
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1 Introduction 



Affine Lie algebra, or current algebra on S 1 , was discovered independently in mathematics 
|]J and physics [fj]. The affine-Sugawara constructions [2-4] were the first and simplest con- 
formal field theories constructed from the currents of the affine algebras. The WZW model 
H ||, formulated on Lie groups, is the world-sheet description of the general affine-Sugawara 
construction. See Ref. J7[ for a more detailed history of affine Lie algebra and conformal field 
theory. 

Affine Lie groups, which are generated by the affine algebras, are infinite dimensional 
generalizations of Lie groups. This paper discusses equivalent reformulations of the WZW 
model in terms of coordinates on the corresponding affine Lie groups. These reformulations of 
WZW theory are based on recent work by Halpern and Sochen ||, who used the coordinates 
on the affine Lie group G to construct a new first-order differential representation of affine 
g x g, and the corresponding second-order representation of the (left- and right-mover) affine- 
Sugawara constructions. 

An outline of the paper is as follows. Part [I] begins with a review of the new representation 
of affine g x g. We go on to discuss the representation in further detail, including the con- 
struction of the coordinate-space representation of the primary states of affine g x g. In Part 
O, we use the new representation of the currents, and the corresponding WZW Hamiltonian, 
to find two new equivalent action formulations of WZW theory in terms of the elements g G G 
of the affine Lie group. In these formulations, the target space is the affine Lie group, 

g: B^G (1.1) 

while the base space B may be either one-dimensional (called the mechanical formulation on 
G) or two-dimensional (called the field theory on G). In Part OIL we develop a translation 
dictionary in which the new formulations on G are understood as mode formulations of the 
conventional WZW formulation on the Lie group G. Using the translation dictionary, we also 
find a three-dimensional formulation of WZW theory on the Lie group. 

For comparison with our results, we first recall the conventional formulation [^, ^] of WZW 
theory on G, 

k 



wzw = ^ J da 7] ab e i a e j b (d T x t d T x j - d a x l d a x j ) + 2B ij d T x l d a x j (1.2a) 

i, a = 1 . . . dim g (1.2b) 
Swzw = / drdaTrig-'dgg-'dg) - ^- J Tr^dg) 3 (1.2c) 
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where k is the level of the affine algebra. In the sigma model form ( |1.2a ) of the Lagrangian, 
x 1 (t, cr), ej a (x(r, a)) and Bij(x(T, cr)) are respectively the coordinates on G, the vielbein on G, 
and the antisymmetric tensor field on G. In the g G G form ( |1.2c| ) of the action, x is a trace 
normalization and d = (d T + d a )/2, 3 = (d T — d a )/2. 

Our first new formulation of WZW theory on the affine Lie group G is a mechanical 
system with Lagrangian 

k k » * / 1 ~ \ 

A; - \ 

~~^]ab&ifi 9 T X ^3 T X~* — \^l am ^ ~\- 2Bi^ j u d T X^ € am T] Q — m ^ (1.3b) 

i, a = 1 . . . dimg, /x, m G Z (1.3c) 

where x % ^{t) are the coordinates on G and e(x(r)) and Cl(x(r)) are the vielbein on G and the 
adjoint action of the affine group element g. The index y* (on the vielbein and the adjoint 
action) labels the extra dimension of the affine group manifold corresponding to the central 
term in the affine algebra. In (|1.3b ), B ifl j u (x(T)) is an antisymmetric tensor field on the 
affine group, whose role in the mechanical system is analogous to that of the conventional 
antisymmetric tensor field Bij(x(r,a)) on the Lie group. 

The group element form of this mechanical action is 

Sm = -^-f drTrig-^gg-^g - g^'g^g') + ± [ dr [' dp e AB Tr (g^gT'dAgg-'dsg) 
Ax J 2xJ Jo 

(1.4) 

where g G G. The rescaled trace Tr and the symbol g' (which is closely related to g) are 
defined in the text. This form of the action exhibits a two-dimensional WZW term on the 
affine group. 

The actions and Lagrangians above are equal 

Swzw = Sm, Lwzw = Lm (1-5) 

under the translation dictionary, and in fact their kinetic and WZW terms are separately 
equal. We note in particular the various forms of the WZW term, 

k 



12tt / ^^dgf = ^J drdoB^d^ = A J dr £ dpe AB Ti{g- l 9 T^g^ng) 
= ~ J drB^drX^eaJ'^n^* = kj drd T x* (V + ^e ltl am Q am y ^ (1.6) 
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which now range from three- to one-dimensional. 

Our second new formulation of WZW theory on G is a constrained two-dimensional field 
theory, 

Sf = / drdaTr (g^dgg^dg) - ^- / Mt'dg? 

+ - [ drdaTriXg-^g - g')) (1.7) 
X J 

with a three-dimensional WZW term on the affine group. The last term of ( |1.7| ) is the con- 
straint term, where A is the multiplier. The first two terms of this action, without the constraint 
term, were considered as a theory in Ref. ||, and the theory was found to have an infinite 
degeneracy in that case. In the formulation ( |1.7| ), it is the role of the constraint to remove 
that degeneracy and to implement the classical equivalence with the conventional formulation 
of WZW theory on the Lie group. 

We also find formal quantum equivalence of the formulations on G with the conventional 
formulation of WZW on G, 



(V M g) e lbM = J (VXV F g) e lbp = J (Vg) e lbwzw (1.8) 

where the equalities hold up to irrelevant constants. In ( |1.8|) , the conventional formal WZW 
measure T>g is a product of Haar measures on G at each spacetime point. Similarly, the affine 
measures T>m§ and T>pg are appropriate spacetime products of formal Haar measures on G. 

Our final form of WZW theory is a constrained three-dimensional field theory on the Lie 
group 

S 3 = -^JdrdadaTT(g^dgg- 1 dg)-^jTr(g^dg) 3 Ada 

+ — / drdadaTi(\g' 1 (d a - d d )g) (1.9) 

with a four-dimensional WZW term. 

The interested reader may profit from an early glance at the picture ( |9.1| ), which is a 
schematic presentation of the relations among all four formulations of WZW theory discussed 
in this paper. 
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Part I 

Affine Lie groups and affine Lie 
derivatives 

2 First order differential representation of affine g X g 

In this section, we review the first-order differential representation of affine Lie algebra recently 
given by Halpern and Sochen ||. 

We begin with the current modes J a (rn) of untwisted simple affine Lie g Jj], ||, 

[J a (m), J b (n)} = if ab c J c (m + n) + mkr] ab 5 m+nfi (2.1a) 

a, b — 1 . . .dim<?, m, n e Z (2-lb) 

where is the level of the affine algebra and f ab c and are the structure constants and 
Killing metric of Lie g. It is convenient to write the affine algebra as an infinite dimensional 
Lie algebra, 

[Jl, Jm] = ifLM N J N (2.2a) 
Jl = Mm), k), L = (am, y,) (2.2b) 

fam,bn ^ fab ^m+n,pj fam,bn^ ^^Vab^m+n,0 (2.2c) 

where L is the general tangent-space index. Here the central element k is included as a genera- 
tor, and the non-zero structure constants fiM N are given in ( |2.2c|) . The summation convention 
in (|2.2a ) is generally assumed throughout this paper. The adjoint matrix representation of 



the affine algebra, 

{ff) M N = -if LM N , [ff,f$] = tf LM N ff (2.3) 

is constructed from the structure constants as usual. 
We also introduce the object tj^m 

Vam,bn = VabS m +n,0, Vy t ,L = VL,y* = (2.4) 

which will be called the rescaled Killing metric of the affine algebra. The relation of the 
rescaled Killing metric to the formal Killing metric of the affine algebra will be discussed in 
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Section [8], which also discusses other formal issues of this nature. The rescaled Killing metric 
can be used to obtain the totally antisymmetric structure constants of the affine algebra, 

fLMN = fLM P f)PN (2.5a) 
fam,bn,cp fabc&m+n+pfi (2.5b) 

{Tl^)mn = —{Tl^)nm (2.5c) 



whose non-zero components are given in ( 2.5b ). The rescaled Killing metric arises frequently 



in the development below, although we often find it convenient to simplify mode sums by using 
the Kronecker delta. 

We consider next the affine Lie group G generated by the affine algebra, whose arbitrary 
element 7 G G can be written 

^(J,x,y) = e i y k g(J,x). (2.6) 

Here, y and x lfl ,i = 1 . . . dimg,/i e 1L are the coordinates on the affine group manifold, and 
g is the reduced affine group element. For simplicity, we assume that G is simply connected 
and we limit ourselves in this paper to the /3-family of bases 

g(J,x) = exp(i/3 am (x)J a (m)) (2.7) 

for the reduced affine group element. We also assume that the tangent-space coordinates f3 am 
are invertible functions of x so that x* M (/3) is well defined. An example of this family of bases 
is the standard basis, 

(3 am ( x ) = x ^e ifl am {0) (2.8) 
where ej At am (0) is the left-invariant vielbein on G (defined below) at the origin. 

The left- and right-invariant vielbeins e A L (x) and e A L (x) on G are defined as follows, 

eA = -«7 _1 5 A 7 = e A L J L , e A = -i^d^' 1 = e A L J L (2.9a) 
L = (am,y*), A = (ifi,y) (2.9b) 

where A is the general Einstein index. Note that we have distinguished the Einstein index y 
from the tangent space index y*, both of which are associated to the coordinate y. The inverse 
vielbeins may be used to construct the left- and right-invariant affine Lie derivatives £ and S, 

£l = -ie L K d k , E L = -ie L A d A (2.10a) 
£l1 = *(Jl, M = -Jli (2.10b) 
£ L = {£a{rn),e y .), £ L = {£ a {m),£ y J. (2.10c) 
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The relations in ( ^.10b| ) guarantee that the affine Lie derivatives £l and Sl satisfy two com- 
muting affine algebras with central elements S ym and B yt . 

From ( f2.6| ) and ( |2.9| ), one finds that the vielbeins satisfy the relations, 



">i l 



l J a (m) +e ifl y *k 



-igd ifl g 1 = e ifl am J a {m) + e ifl v *k 



A 



&1> 



J y* i 



e^ 1 , e ilM L are independent of y 
e am A , e am A are independent of y 



ifi bn _ - iy,- bn 
^am <^ifi t-om 



bn 



am jv _ - am- jv _ s ji 
t'lfj, ^am ^ifi ^am u ifj, 



5 y* 

-'am c-i/i 



(2.11a) 

(2.11b) 
(2.11c) 
(2.11d) 
(2.11e) 
(2.11f) 



and ( |2.11c| ) also implies that E yt = —£ y * = id yt . 

The induced action of the affine Lie derivatives on the reduced group element g is described 
by the reduced affine Lie derivatives E and E, 



EJm) 



°^am ^i/ij 



EJm) 



-ie lfJ, T>- 

l ^am '-'hi 



E a (m)g = gJ a {m), E a (m)g = -J a (m)g 



(2.12a) 

(2.12b) 
(2.12c) 



where T> and T> are called the covariant derivatives. It follows from ( 2.12c ) that the reduced 
affine Lie derivatives satisfy two commuting copies of the affine algebra, 



[E a (m), E b (n)] = if ab °E c (m + n) + mkr) ab 5, 



m+n,0 



[E a (m), E b (n)} = if ab c E c (m + n) - mkr] ab 5 m+nfi 
[E a (m),E b {n)} = 



(2.13a) 

(2.13b) 
(2.13c) 



at level k and —k respectively. Although we will only do so in Section [| one may obtain two 
commuting copies of the affine algebra at the same level k by defining E' a (m) = E a (—m). 

The reduced affine Lie derivatives ( j2.12a| ) are a first-order differential representation of 
the currents of affine g x g. Other first-order differential representations of affine Lie algebra 
are known, such as the coadjoint orbit representations in Refs. [ 10 1 and [11], but these provide 
only a single chiral copy of the algebra. 
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Although the construction above guarantees that the reduced afhne Lie derivatives ( |2.12D 
satisfy the algebra ( p. 13 ) of affine g x g, it is useful to have the machinery to check these 
relations directly. 

We need in particular the Cartan-Maurer and inverse Cartan-Maurer identities for the 
left-invariant vielbein, 

d A e T L - d r e A L = e A M e r N f MN L (2.14a) 
e L A d A e M r - e M A d A e L r = f ML N e N r (2. 14b) 

which follow from ( |2.11a| ). The same relations with e — > e hold for the right-invariant vielbein. 
These identities are sufficient to compute the curvature of the covariant derivatives in 

(EM), 

P*,Vjv] = k^nei^riabej^, [V^V jv ] = -k^ne^^e^ (2.15) 

n n 

and also to check that the reduced affine Lie derivatives satisfy the affine Lie algebras fl2.13| a,b). 

To check the commutator of E and E, we first introduce the adjoint action fl of g, which 
satisfies 

gJ L g- 1 = Q L M J M , (l(x) = g-\f ad i,x), Q yt L = S Vt L (2.16a) 

^arn^din^L = —fam,L N &N M , ^am^din^L = fam,N M (2.16b) 

^am ^f/cPtdq b n ' ^)am,bn (2.16c) 

where the matrix-valued group element g(T at ^,x) is g(J,x) with J — > T ad i (see eq.( |2.3| )). The 
quantity fj is the rescaled Killing metric ( |2.4| ), and the pseudo-orthogonality relation ( |2.16c| ) 
follows from the antisymmetry of T ad K 

We also need the relations between the right- and left-invariant quantities, 

e A L = -e A M Q M L , e L A = -(Cl- 1 ) L M e M A (2.17a) 

E a (m) = {&- l ) am bn {n bn y*k - E b (n)) (2.17b) 

which follow from eqs. fl2.16"a|) and Q2.9| ). Using ( |2.17b| ), (|2.13a| ), and (|2.16b| ), it is straightfor- 
ward to verify that E commutes with E. 
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3 The primary states of affine g X g 



The reduced affine Lie derivatives (|2.12| ) are a coordinate-space representation of affine g x g, 



so it is natural to consider the coordinate-space representation of the primary states of affine 
9 x 9- 

To construct these states, we begin with a matrix irrep T of the Lie algebra g, 

[T a ,T b }=if ab c T c (3.1) 

and introduce the corresponding chiral affine primary states \R(T)), which satisfy 

J a (m > 0)\R(T)y = 5 m ,o|#(T)) J (T )/ (3.2a) 

j(R(f)\J a (m < 0) = (T a )j K K {R{f)\8 mfi (3.2b) 

j(R(f )\R(T)y = 5/, I,J,K = 1... dim T. (3.2c) 

Then, the primary states ip(T, x) of affine g x g are constructed as 

= j(R(f)\g(J,x)\R(T)Y = j{R{f)\e i ^ J ^\R{T)) 1 . (3.3) 



Using the induced action ( |2.12c| ) of the reduced affine Lie derivatives, it is easily checked that 
these states are primary, 

E a (m > 0)^(T,x)/ = 8 mfi ijj(T, x) j K (T )x r (3.4a) 

E' a (m > 0)^(T, x)/ = -5 mfi (T a )j K ^(T, x) K * (3.4b) 

where E' a (m) = E a (—m). The other states in the modules of affine g x g are constructed as 
usual by the action of the negative modes E a (m < 0) and E' a (m < 0) on the primary states. 

We remark that the primary states may be expanded about the origin to any desired 
order 

1 1 00 

V(T, x)=l + %^T a - -(/T°T a ) 2 - - £ f3 am p b >- m (if ab c T c + km Vab ) + 0([3 3 ) (3.5) 

m=l 

in powers of the tangent-space coordinates (3 am (x). This expansion is closely related to a 
high-level expansion of the primary states, 

y am i / i oo \ 

P am = y ~, i>(T, x) = 1 + - f ^°T a - - 53 ir 1 ^-™^^) + 0(k- 2 ) (3.6) 
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whose leading terms correspond to an abelian contraction |7]] of the affine algebra. A different 
high-level expansion of the primary fields is 

where g(T,x) = exp(i(3 a0 (x)T a ) G G is the Lie group element. This expansion corresponds to 
another contraction [7] of the affine algebra, in which only the non-zero modes are abelian. 



4 The antisymmetric tensor field on the affine group 

In this section, we find an antisymmetric tensor field Bi^jv = —Bj Ui i^ on the affine Lie group 
G, which, as we shall see, is analogous to the antisymmetric tensor field Bij = —Bji of the 
conventional WZW model on G. 

We begin by choosing a /3-basis 

g(J,x) =exp(^ am (x)J a (m)) (4.1) 
for the reduced affine group element g. In any such basis, the vielbein has the explicit form, 

,„ (x) = d i ^ am (x)M(x) am L , e y L = S yt L (4.2a) 



M(x) = (4.2b) 
log it 



where Cl is the adjoint action in ( p. 16 ). This form generalizes the result given for the standard 



basis P am = x^ei^ am (0) in Ref. ||. We may eliminate (3 am in ( |4.2| ) to find the relation between 
e y * and tt y * , 



I 



e 



2 



" {Biii,jv&a,—rn V ) ^brr? (4.3a) 



D — p am \f bn * cp (a 01 \ 

(ft--fl) + 21ogfl 
(fi-I)^- 1 -!) 

where 7/ ab is the inverse Killing metric of Lie g and Bip,j v is the desired tensor field on G. 
We know that Q in ( |2.16c ) is pseudo-orthogonal, so the matrix Afr) in ( 4.3b|) is antisym- 



metric. It follows that Bi^jy is antisymmetric, 

Bipjv = ~Bj Ut i^. (4-4) 



9 



A useful property of the antisymmetric tensor field is 



jv,kp&a,—m ^bm^ ) (^/^ * * J^) ^iju ^ji/ fam,bn ^^cp^ 



(4.5) 



which follows from (|4.3a|) and the Cartan-Maurer identity (|2.14a|) for 



With ( |2.17a| ) and (|4.3a ), we may rewrite the reduced affine Lie derivatives ( 2.1 2| ) in the 
fi-form, 



E a (m) = -ie am ^ViJB) + -k(l ar J 



E a {m) = -ie^ViJB) - -kCl^ 



(4.6a) 



(4.6b) 



Using the identity ( |4.5| ) and the steps of the previous section, it is straightforward to check 
explicitly that the 5-form of the reduced affine Lie derivatives satisfies the algebra ( |2.13| ) of 
affine g x g. 

In Section || we will find that B ilx j v satisfies other identities which show further analogy 
with the conventional WZW tensor field Bij on G (see also Section [10]). Further discussion of 
the operator currents (|4.6|) is given in Section O. 



5 Bracket representation of affine g X g 



To construct classical dynamics on the affine Lie group, we need the Poisson bracket represen- 
tation which corresponds to the first-order differential representation (|2.12 ) or (|4.6j ) of affine 
g x g. The bracket representation may be obtained by the usual prescription, 



{x*,x*'} = {p ili ,p ju } = 



(5.1a) 
(5.1b) 



where {A, B} is Poisson bracket and pi^ are (classical) canonical momenta. 

Using the substitution ( 5.1a|) in the reduced affine Lie derivatives (|2.12 ), we find one form 
of the classical current modes 



E a {m) = eaJfpip E a {m) = e am >+ 
Pin = Piv ~ ke^* , pI^ = p ifl + ke^* . 



(5.2a) 
(5.2b) 
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Similarly, the equivalent i?-form of the classical current modes, 

K(m) = e am ^(B) + E a (m) = e am ^{B) - \m am ** (5.3a) 

MB) = Pili - ^kB i ^ v e^ v rf b tl bn ?* (5.3b) 

is obtained by the same substitution in the operator S-form (|4.6|) . Following the steps of 
Section ^ the bracket algebra of affine g x g, 

{E a (m), E b (n)} = if ab c E c (m + n) + mkr] ab 5 m+nfi (5.4a) 

{E a (m), E b (n)} = if ab c E c (m + n) - mkr] ab 5 m+nfi (5.4b) 
{E a (m),E b (n)} = (5.4c) 

is easily verified for both forms of the classical currents. 

In what follows, we interchangeably use the terms classical affine Lie derivatives or classical 
currents to refer to E a {m) and E a {m) in (|5.2|,3). 



Part II 

Actions on the affine Lie group G 

6 WZW as a mechanical system on the affine group 

In this section we construct a natural action for classical mechanics on the affine Lie group 
G. As is clear from its construction, this mechanical action must be equivalent to the WZW 
action on the corresponding Lie group G. The equivalence is studied explicitly in Part |T|. 

The operator WZW Hamiltonian H = L a ^ *J a Jb + J a Jb *o sums the zero modes of left- 
and right-mover affine- Sugawara constructions. When written in terms of the reduced affine 
Lie derivatives (|2.12|) , the coordinate-space form H = Lf lE a E b + E a E b * of this Hamiltonian 



is a natural Laplacian |§j on the affine Lie group. 

To construct the corresponding action on the affine Lie group, we begin with the standard 
classical WZW Hamiltonian written in terms of the classical affine Lie derivatives ( |5.2| ,3), 



H = ^ am > bn (E a (m)E b (n)+E a (m)E b (nj) (6.1a) 
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= ^V ab T,( E ^- m ) E bH+E a (-m)E b (m)) (6.1b) 

2k m 

77 ' = T] <) m+ n,0 (6.1c) 

d T A = i{H, A} (6. Id) 

where ff m ' hn in ( |6.1c| ) is the inverse of the rescaled Killing metric fj amjbn in ( |2.4| ). As seen in 
( |6.1a| ), this Hamiltonian is the natural generalization to affine g x g of the Casimir operator 
on Lie g. 

The time dependence of the classical currents 

d T E a (m,T) = —imE a (m,T), d T E a (m,T) = imE a (m,T) (6.2a) 
E a (m, t) = e- imT E a (m) } E a (m, r) = e imT E a (m) (6.2b) 



follows immediately from ( |6.1d|) and the current algebra (|5.4| ). 



Using the explicit form ( |5.2j ) of the classical affine Lie derivatives, we obtain an explicit 
form of the Hamiltonian 

H = p ab e a ,. m ^(x)e bm ju (x)p- ll pj u + ^<X,_„/*(x) - e a ,^(x) P A ^^(x) (6.3) 

where is defined in ( |5.2b| ). This Hamiltonian describes a classical mechanics whose coor- 
dinates x are coordinates on the affine Lie group. The equivalent I?-form of the Hamiltonian 
is 

H = p ab e a ^e b J v Pl ,(B)p 3 „(B) + ^(l^Cl^J* (6.4) 

where we have suppressed the x-dependence of all quantities, and Pi^(B) is defined in ( |5.3b| ). 
The Hamiltonian equations of motion 

2 

ft —n ab p l ^p, i u n~ —n ab p *^0, ^* ( (\ 

<JtX — j^'l ^a-m ^bm Pj v '/ e a,-m "fern yv.OA) 

= lv ab e a ,- m l>M e bm ^p JU (B) (6.5b) 
d r Piv = -d^H (6.5c) 



follow from eqs.(|6.3|,4). 
Coordinate space 
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We turn now to the coordinate-space formulation of the mechanical theory on G. To 



begin, one uses eq.(5.2) or (|5.3|) and the equations of motion (|6.5|) to obtain 



E a (m) = k -{ W i^- m d T x l » + n am y*), E a (m) = ^{^e^d^ - n am y *) (6.6) 

for the coordinate-space form of the currents. 

Similarly, the mechanical action on the affine Lie group 



Sm = J drL M , L M = d T x llI p ifl - H (6.7a) 

Lm — -^lab^i^' m ej U bm d T x l ^d T x^ — —ri ab Q a _ m v *Clb m y *-\-kd T x 1 ^ (^i^* + —£i[i am &am y *^J (6.7b) 

is obtained from the Hamiltonian ( |6.3|) in the usual way. The equivalent S-form of the La- 
grangian is 

k b ■ k / - - \ * 

Lm — ^Vab^i/j, ' e ju d T x ^d-j-x- 1 — — (Q am y * + 2Bi /1 j u d T x J e am r\ ^l^^^* . (6.8) 

It is straightforward to check that the associated Lagrange equations of motion of either form 
of the action reproduce the Hamiltonian equations of motion ( |6.5|) . A third form of the 



mechanical action, in terms of the reduced affine group element g, is given in Section |12.2 . 

This action is one of the central results of this paper. Although the classical mechanics 
or ( |6.8|) on G shows no spatial coordinate a, this formulation must be equivalent to 



the conventional WZW model on G because the Hamiltonians of the two formulations are 



isomorphic. This equivalence is studied in detail in Part |TJ, where we will see that this action 
is in fact a mode formulation of WZW. 

7 WZW as a field theory on the affine group 

In the last section, we expressed the WZW model as a mechanical system on the affine Lie 
group, 

g{x(r)): JR^G. (7.1) 
In this section, we show that the model can also be expressed as a two-dimensional field theory 

g(x(r,a)): IxS'wG (7.2) 

on the affine Lie group. 
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Mathematically, our task is to extend the base space from the line (r) to the cylinder 
(r, a), thereby promoting the mechanical variables x % ^{t) to cr-dependent fields x iAt (r, a). The 
reason that we can make such an equivalent field-theoretic formulation is that the Hamiltonian 
of the system 

H = ^rV ab J2( E a(- m ) E bM + E a (-m)E b (m)) (7.3a) 

= lv ab e a ,-m llM e b J»p t ,(B)p JU (B) + ^ ab fi a ,_ m ^ 6)7 /* (7.3b) 

d T A = i{H,A} (7.3c) 

admits a commuting quantity P 

P = ^r) ah Y,(E a {-m)E h {m)-E a (-m)h{m)) (7.4a) 

= ^ a ,- m y *V ab e bm ill Pi, (7.4b) 
{H,P} = (7.4c) 
d a A = i{P, A} (7.4d) 

which we may interpret, according to (|7.4d| ), as the generator of spatial translations. This form 
of P is the standard WZW momentum, written in terms of the classical affine Lie derivatives 
( p-3| ), and eq.( |7.4cj ) follows immediately from the current algebra ( |5.4| ). 

The spacetime dependence of any observable A is determined by this system, and, in 
particular, the relations 

d a H = d T P = d T H = d a P = (7.5) 

follow from eq.( [7.4c ). 



In this framework, all fields are now a-dependent, and the bracket relations of the earlier 
sections, e.g. 

{x^{a),p jv {a)} = iSj*, {x^(a),x^(a)} = { Pi ^a),p jv {a)} = (7.6a) 
{E a (m, a), E b (n, a)} = if ab c E c (m + n,a) + mkr] ab 5 m+nfi (7.6b) 
should be read at equal a. Moreover, all field products should be read at equal a, for example 

P = ^ a6 E( £7 a(-m,<7)S 6 (m,(7) - E a (-rn,a)E b {m,a)) (7.7a) 
= n a ,- m y *(x(a)) V ab e bm ^(x(a))p^(a) (7.7b) 
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and similarly for the Hamiltonian. 

The spatial dependence of the affine Lie derivatives follows immediately from the current 
algebra, 

d a E a (m, t, a) = —imE a (m, r, a), d a E a (m, r, a) = —imE a (m, r, a) (7.8a) 

E a (m, r, a) = e~ imu E a {m, r), E a (m, r, a) = e~ imo E a (m, r). (7.8b) 

Combining this with the known time dependence fl6.2|) , we find that the affine Lie derivatives 
are chiral, 

E a (m, r, a) = e' im ^E a (m), E a (m, r, a) = E a {m). (7.9) 
The usual local chiral currents are then identified as 

E a (r,a) = J2E a (m,r,a) = Y J ^ im{T+a) E a {m) (7.10a) 

m m 

E a (r, a) = ^ E a (m, t, a) = £ e im ^E a (m) (7.10b) 

m m 

and the usual local current algebra 

{E a (r, a), E b (r, a')} = 2m[f ab c E c (r, a)5(cx - a') + k Vab dJ(a - a')] (7.11a) 

{E a (r, a), E b (r, a')} = 2 m [f ab c E c {r, a)6(a - a') - k Vab d a 5(a - a')} (7.11b) 

{E a (T,a),E b (r,a')} = (7.11c) 

follows from the mode algebra ( |5.4|) . Further discussion of these local currents is given in 



Section ITT 



The spacetime derivatives of the canonical variables, 

drx* = lv ab ea,-m llM e b J" Pju (B) (7.12a) 

drx* = V ab e a ,- m l ^ bm y* (7.12b) 

drPi^ = -d ifl H (7.12c) 

daPi„ = -Pjud^.J^n^') (7.12d) 

also follow from the equal-cr brackets ( |7.6a| ) and the explicit forms of H and P. 



Spatial constraints 
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The procedure described above to extend the base space via commuting P operators is 
quite general. One may guarantee that the extended theory (on the extended base space) is 
equivalent to the theory on the unextended base space by considering the spatial derivative 
relations (such as ( |7.12b| ,d)) to be constraints on the canonical variables. In a functional 



formulation, this prescription corresponds to the functional identity 

J (l[dx(T)\ F[x(t)} = I (j[dx(r,a)^ det F[x(r,a))S[C(x(r,a))) (7.13a) 

C = d a x(r,a) -i{P,x{r,a)} (7.13b) 

and similarly for the canonical momenta. The functional delta function in (|7.13a|) enforces the 
spatial constraints in the extended theory, and it follows that the spatial constraints can be 
implemented as usual in a Dirac formulation of the theory. 

In the case at hand, this prescription guarantees equivalence of the field-theoretic for- 
mulation on G with the mechanical formulation (|6.8|) on G, and hence with the conventional 
WZW model itself. 

To be more explicit about the equivalence with the mechanical formulation, we first rewrite 
the constraint ( |7.12b| ) in terms of the tangent-space fields /3 am , 

d a (3 am -im(3 am = (d^-^e^Q^d^ (7.14a) 
= (7.14b) 

P am (x(r, a)) = e ima p am (x(r)) (7.14c) 



whose simple a-dependence is given in ( |7.14cj ). The identity ( |7. 14a| ) is obtained by using 



eq. (|7.12b| ) and the explicit forms of the vielbein and the adjoint action given in Appendix B. 
It follows by chain rule from ( |7.14a| ) that the measure factor in ( |7.13a[ ) is effectively constant 



det f — ) = field- in dependent (7-15) 
\5xJ 

and can be ignored. It also follows from ( [7.1 4c| ) that averages ( ) in the mechanical theory 
(Gm) and the field theory (Gp) on G are simply related, so long as the formal functional 
measures (see Section |T^) of Gm and Gf are suitably adjusted. Specifically, one has 

(F{P am (x(r, a))]) 6p = (F{f3 am (x(T)yn) GM (7-16) 
for any function JF, which includes averages over products of the affine group elements. 
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There is another formulation of the theory, on the constrained subspace, in which the 
spatial derivative relations are identities (as in conventional formulations). As a first step in 
this formulation, use the constraint ( 7.12b|) to reexpress the Hamiltonian and the momentum 



H = \v ab e a ^e b J» Vi ,{B) V3U {B) + ^ ab e i ^e jv bm d a x*d ff i? v (7.17a) 

P=P^d a x^ (7.17b) 
k - 

Pin(B) = p^ - -Bi^daX 3 " (7.17c) 

in terms of d a x. This form of the system is complete with the canonical brackets ( |7.6a| ) and the 
constraints ( |7.12b| ,d), or with the canonical brackets and an auxiliary set of equal-<7 brackets 



which must be computed from the constraints. As examples of the auxiliary set, we have 

{x^{a),d a x^{a)} = {x^( ( 7),7 7 a6 e a) _ m ^(x( f 7))^(x( ( 7))} = (7.18a) 

{ PilM (a),d a x j »(a)} = {^( ( T),r / ab e a ,_ m ^(x(a))^ m ^(x( ( T))} 

= -ir ) ^d i ^e a ,-J u (x(<T))6 bm v '(x{<T))) (7.18b) 

{p ilx (a),d a p ju (a)} = -{p i ^{(j),Pkp{(r)d jv (e a ^J tp {x{a))i] ab h bm y ''(x{a)))} 

= ^p(a)^^ I ,(e a ,_ m ^(x( ( T))r / a ^ 6m ^(x(a))). (7.18c) 

Using these auxiliary brackets, one now obtains the conventional identity 

deX* = i{P, x^} = id a x ju {p ju , x*} = d a x^ (7.19) 

as expected on the constrained subspace. 
Density formulation 

The Hamiltonian systems above are unconventional formulations of a field theory because 
they are not written in terms of spatial densities. Since H and P are independent of a, 
however, we can define the densities as proportional to the Hamiltonian and momentum, 

H = — , H= daU (7.20a) 
2tt J 

V = — , P = I daV. (7.20b) 
2tt J 
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These a- independent densities may be used for either dynamical system ([7.3| ,4) or (]7.17|) , but 
the constraints (or the auxiliary brackets) must be included in the latter case. Because the 
densities are a- independent, one has the bracket equations of motion 

d T A(a) = i{H,A{a)} = J da'{H(a'),A(a)} = i J da' '{H{a) , A(a)} 

= 2m{H(a),A(a)} (7.21) 

and similarly for d a A = i{P, A}. Any particular bracket equation of motion can then be 
computed in either formulation using only equal-cx brackets, and these results agree with 

Coordinate space 

We turn now to the coordinate-space formulation of the theory. As a first step, we use 
the phase-space currents ( |5.3|) and eqs.( [7.12a| ,b) in the form 

k b ■ 

Pifj,{.^) = ~^Vab&i[_i ' Gju Q T X^ , Vt am ^ ^lab^i/j, ' 9 a X ^ (7.22) 

to obtain the simple coordinate-space form of the chiral current modes, 

E a (m, r, a) = k7] ab e ifl b '~ m (x(r, cr))<9x iM (r, a), E a (m, r, a)) = kT] ab e ipL b '- m {x{T, a))dx^(r, a) 

(7.23a) 

dE a {m, r, a) = dE a {m, T,a) = (7.23b) 
d=l(d T + d a ), d= l -{d T -d a ). (7.23c) 

This form of the current modes bears a strong resemblance to the usual coordinate-space 
currents kr] ab e b dx l , kri ab e b dx l of the conventional WZW model on G. 

Following the usual canonical density formulation, we also obtain the action of the two- 
dimensional field theory on G, 

S p = J drdaCp, Cp = p^d T x ifl - H{\) (7.24a) 
k k 

+k\ lfl (d a x^ - V ab e a ,- m ^Q hm y *) (7.24b) 

where TC(X) and Cp include the constraint (|7.12b|) with a Lagrange multiplier Aj A1 (r, a). Sec- 
tions ^]2| and [13] give alternate forms of this action in terms of the affine group element g. 

It is straightforward to check that the Lagrange equations of motion of this system are 
equivalent to the Hamiltonian equations ( |7.12a| ,c) and the d a x constraint ( |7.12b| ). One does 
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not need to include the d a p constraint ( |7.12d[ ) explicitly in the action formulation; it is implied 
by the d a x constraint, the d T x equation of motion, and the fact d T d a x = d a d T x. 

On the constrained subspace it is also straightforward to show that d a Cp = 0, so the La- 
grangian is proportional to its density Lp = J daCp = 2n£p, in parallel with the Hamiltonian. 
One can then check backwards that 

Lp = Lm, Sp = Sm (7.25) 



on the constrained subspace, where Lm is the mechanical Lagrangian on G in 

The action (|7.24|) is another central result of this paper. We remark that it bears a strong 
resemblance to the sigma model form ( |1.2a| ) of the conventional WZW action, except that our 
action involves fields on the affine Lie group, and there is an additional term to enforce the 
constraint. In the following section we discuss rewriting this action as a function of the affine 
group element g G G, in analogy to the g G G formulation (|1 . 2cj ) of the conventional WZW 
action. 

8 Trace formulation on the affine group 

8.1 Rescaled Killing metric and rescaled traces 

We begin by investigating the Killing metric on the affine group G. Recall first the definition 
of the Killing metric r/ Q b on Lie G, 

- fac d f bd c = Tr(T^T^) = Q^ab, = ffi (8- 1 ) 

where f a b c , h and ip are respectively the structure constants, the dual Coxeter number and the 
highest root of Lie g. 

In the same way, the formal Killing metric i]mn on G is defined by the relation 

- fML P f NP L = Ti(f^ff ) = Q VMN (8.2) 

where fiM N are the affine structure constants and T adj is the adjoint matrix representation 
of the affine algebra in (|2.3|) . In (|8.2|) , the formal trace Tr is in fact a sum over the reduced 

padj \ 

■M )v* 

Ti(f^ff) = Tr(ff j f^>) = (8.3a) 



carrier space am because {Thf) yt N = 0. By explicit computation, one finds that 



Tr(T ISJ^SJ = M^nJ$J E (8.3b) 
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M^SfH) = <W,oTr(T^T 6 ^) = Q fVab 5 m+n>0 (8.3c) 
so the formal traces and the product Qrj have a divergent factor, which is the sum over modes 



in 



8.3b| ). The rescaled trace Tr in ( |8.3c|) and the corresponding rescaled Killing metric fj LM 

fr(Tff a J) = Q^fjLM (8.4a) 

fjamM = VabS m+ n,0, Vy*L = VLy* = (8.4b) 

are finite, however, and the rescaled Killing metric, introduced in Section [| has been used 
many times in the development of the previous sections. 

In fact, the rescaled trace and rescaled Killing metric continue to be sufficient for our 
purposes. We recall from Section |2| that the rescaled Killing metric can be used to lower 
indices and, in particular, one finds the completely antisymmetric structure constants, 

fam,bn,cp fam,bn ^f)dq,cp fabc&m+n+p,0 (8. 5) 

where the structure constants f am ,bn dq are gi ven i n (|2.2c|) . Because it vanishes on the 
subspace, the rescaled metric is not invertible on the full space (am,?/*). However, an inverse 
exists on the am subspace, 

V amM = V ab S m+ n,o (8.6a) 

H = ±-<n am > bn (E a (m)E b (n) + E a (m)E b (n)) (8.6b) 
2k 

and, following its natural occurrence in the WZW Hamiltonian flOToD , this inverse has been 
used many times in the development of the previous sections. 

The divergent factor in (|8.3b|) is not unique to the trace of the adjoint representation T ad i . 
Indeed, the same factor will recur in the traces over any other matrix representation which is 
faithful to the mode structure of the affine algebra. 

A large class of such representations can easily be constructed. For each matrix irrep 
(T a )/ J , I, J = 1 . . . dimT of Lie g, 

[T a , T h \ = tf ab c T c , Tr(T a T b ) = X (T) Vab (8.7) 

one has the corresponding matrix representation T(T) of affine g, 

(f am (T))m Jp = 5 m+niP (T a )j J , (f yt (T)) In Jp = (8.8a) 

[f L (T),f M (T)} = tf LM N f N (T) (8.8b) 
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where the carrier space of T(T) is (Im). When one takes a naive trace of a product of iV of 
these matrices, one finds 

Tr(f aimi (T)---f mmN (T)) =MT ai mAT)---T aNmN (T)) (e) ( 8 - 9a ) 

Vmez/ 

Tr(f oimi (T)...T ajvmjv (T)) = E(^ imi (T)---f ajvmjv ) /m /m , VmG2 

i 

= <5mi+...+m ]V ,oTr(X' ai • • • T aN ) (8.9b) 

fr(f am (T)f 6 „(T)) = X (T)VamM (8.9c) 

in parallel to eg. ( |8.4| ). Again, the rescaled traces in ( |8.9b| ) are finite and sufficient for our 
purposes. We will also need the more general relation 

Tr(jF(T(T)) = J2(HT(T)) Im Im , Vm62 (8.10) 

which holds for any matrix-valued power series T . 

Note that we now have two affine representations, T adj and T(T ad i), corresponding to the 
adjoint representation of Lie g. These two representations are closely related 

(Tam)bn CP = (T arn (T ad ^)\ n Cp = —ifam,bn V (8.11a) 

CCtV* = -mfjamM (8.11b) 

although T adj has the extra dimension y* in its carrier space. The traces of the two represen- 
tations are however the same 

MttL ■ ~f£ mK ) = Tr(f aimi (T^) • ■■f aNmN (T^)) (8.12a) 

MtA^) = Tr(Ta m (T adj )f bn (T ad >)) = x(T adj )f, amM , X (T adj ) = Q4, (8.12b) 

because (T^f) yt N = 0. In what follows, we use the unified notation T to denote any one of 
the representations T(T) or T ad K 

In matrix representation T, the group element 7 G G equals the reduced group element g, 

j(f,x,y) = g(f,x) = exp(/T»T am ) (8.13) 
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because T yt = replaces the level in these representations. Then one obtains g(T) analogues 
of the basic relations which we obtained for g(J) in Section |2|. For example, one has the g(T) 
analogue of eqs.( [2.11al, b), 

e^(f ) = -ig-\T)d ¥ g(T) = e lfl am f am (8.14a) 

e v (f ) = -ig(f )d l ,g-\f ) = e ifl am f am (8.14b) 

where the vielbeins ei^ am (x), ej M am (x), being representation independent, are the same as those 
above. 

Many, but not all, of these relations can be obtained, as in ( ETT4D , by the map J — > T 
and k —>■ 0. An important exception involves the operator form ( |2.12| ) of the reduced affine 
Lie derivatives, which satisfy 

E a {m)g{f) = g{f){f am + ke am y ), E a {m)g{f) = -{f am - ke am y )g{f). (8.15) 

This differs in form from the relation (|2.12c|) because the reduced affine Lie derivatives are 
independent of representation and explicitly dependent on the level. 

8.2 WZW in terms of g(x(r, a)) G G 

The two-dimensional field theory on G studied in Section [7|, 

S F = drdaCp (8.16a) 



k b ■ ■ ■ ■ k ~ 

<37T 47T 

+k\ lfl (d a x^ - v ab e a ,- m l ^ bm y *) (8.16b) 

is expressed in terms of coordinates on the affine Lie group. We turn now to rewriting this 
theory in terms of rescaled traces of functions of the reduced affine group element g(T, x(r, a)), 
using the results of Sections [7] and |0 . 



Note first that the classical coordinate-space current modes ( |7.23a|) can be written in 
matrix form, 

E a {m,r,a) V a %. m = ~tkg-\f,x{r,a))dg{f,x(r,a)) (8.17a) 
E a (m, r, a) V a %_ m = -ikg{f, x(r, <r))dg-\f, x(r, a)) (8.17b) 



22 



using (|8.14|) . Correspondingly, the current modes can be written as rescaled traces, 



E a (m,T, a) 



E a (m, r, a) 



X(T) 



kTr(f am g 1 (f,x(T,a))dg(f,x(T 1 a 



X(T) 



kfr (f am g(f, x(t, a))dg 1 (f, x(r, a 



(8.18a) 



(8.18b) 



in any matrix representation T, using (|8.9cj ). For brevity below, we write g for g(T, x(r, a)) 
and x for x{ T )- 



Following the example of the currents, the kinetic terms in the action ( 8.16 ) can be written 



k k 

— n ,P- a '- m P . bm (fj ^Vf) rfjV _ f) Iflf) ju\ 

87T Z7TX 



Tr (g- L dgg- l dg 



(8.19) 



using eq. ( p. 14|) . 

We next consider the B term in the action. Note first that the antisymmetric tensor field 
B, defined in (|4.3| ), can be written as a rescaled trace 

KjMr, °)) = - fdt fr (Hd^e'^d^ 6 ) , H = (3 am (x(r, a))f am (8.20a) 

XyifjXjv] = Xi^jYj U — Xj U Yi^ (8.20b) 



in any /5-basis. The equality of ( [4.3|) and ( |8.20a|) follows by integration over the parameter t. 
Using the integral representation ( |S.20a| ), one also verifies the cyclic identity 



di^B ju,kp dji/Bfcp i^ -\- dkpBi^ j U Xr(6j^ i [6j ! y; c^p]). 

X 



(8.2r 



Both identities ( |S.20a| ) and ( ^.21[ ) are analogous to standard relations (see Appendix A) sat- 
isfied by the conventional antisymmetric tensor field on Lie g. 

The rest of the discussion on G parallels the usual development of the WZW term on G. 
The cyclic identity can be used to integrate the following three-form on G, 



Tr(g- 



-i ;,,>, - d 3 Ze ABC fr(g- 1 d A gg- 1 dB99- 1 dc9) = 



W A = — x^dsx^dcx^Bi 



A = (r, a, p), dr£ = drdadp, e 012 = +1 



Ti(g- L dgY = / drdaW p (r, a, p = 1) = -3 X / drdad^d^B^ 



(8.22a) 

(8.22b) 
(8.22c) 
(8.22d) 



23 



where < p < 1 is the radial coordinate of the usual WZW cylinder, and the two-dimensional 
g in (|8.17| -19) is the boundary value of this g at radius p — 1. 

Using ( |3.22|) , we obtain our first g form of the two-dimensional field theory on G, 
Sp = / drdaTt (g-'dgg-'dg) - J?- J Tr^dg) 3 

+ - [ drdaTi(f am lng)(id a + m)\ am (8.23) 
X J 

where the second term is a three-dimensional WZW term on the affine group. The last term in 
( |3.23| ) is the constraint term, whose form follows from eq. ( |7.14|) . The multiplier \ am is defined 
by the invertible relation X ifl = di^(5 am 7) am ^ n \ bn and a sum on m 6 2 is understood in this 
term. 

The first two terms of the action (18.231), without the constraint term, were considered as a 



theory in Ref. ||, and the theory was found to have an infinite degeneracy in that case. In the 
formulation (|8.23|) , it is the role of the constraint to remove that degeneracy and to implement 
the classical equivalence with the conventional formulation of the WZW model on the Lie 
group. In Section [13|, we find a more elegant form of the constraint term which is associated 
to the formal quantum equivalence of this formulation with the conventional formulation. 
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Part III 



Translation dictionary: G G 

9 Strategy: Partial transmutation of target and base spaces 

In Part |I|, we found two actions, (|6.7| ,8) and (|8.23|) , on the affine Lie group G which must 
be equivalent to the conventional formulation of the WZW model on the Lie group G. This 
equivalence is clear because the Hamiltonians of the theories are isomorphic. 

In this part, we find the explicit translation dictionary between the formulations on G 
and G, which shows that our new actions on G are mode formulations of WZW. 

The overall picture which emerges is a quartet of equivalent formulations of WZW theory, 

constraint 
g{x{r)) g(x(r, a)) 



modes 



modes 



constraint 

g(x(r,a))^ g(x(r, a, a)) (9.1) 

where g G G and g G G. The conventional formulation of WZW on G is in the lower left. The 
top line of the picture describes the two formulations on G in Part [IT], whose equivalence to each 
other was discussed in Section [7[ More generally, the horizontal direction of the picture shows 



the use of constraints to change the dimension of the base space (see also Section |T^). The 
left column describes the equivalence (which is studied in Sections |I0|-|T2T) of the mechanical 
formulation of WZW on G with the conventional formulation on G. 

The central relation underlying the equivalence in the left column is the mode identity 

P a (x%T, a)) = e ima [3 am {x^{T)) (9.2) 

771 

where x l {r, a) is the local WZW coordinate on G, and the tangent-space coordinates (3 a and 
/3 am appear in the group elements of G and G as 

g(T, x(t, a)) = e ^(*(^))r- j £(f, x ( r )) = e iP am {x(r))f am _ ^ 

As in Section |S], T is any of the affine matrix representations T(T) or T adjf , and T is the 
corresponding matrix representation of Lie g. 
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The mode identity ( |9.2| ) emphasizes the fact that the operation of moding is a partial 
transmutation 

x iM (r) ++x\t,g) (9.4a) 
g(x(r)): JR^G, g{x{r,a)) : IR x S 1 i-> G (9.4b) 

between the target space and the base space. More generally, such partial transmutations 
operate in the vertical direction of the picture, and the transmutation in the right column 
allows us to express the field-theoretic formulation on G as a three-dimensional field theory 
on G (see Section p~4|) . 



10 Modes on G and local fields on G 



In this section, we develop the translation dictionary which underlies the equivalence 



modes 
g(x(r,a)) 



g(x(r,a)) 



g(x(r, a, a)) 



lo.r 



described by the left column in the picture Q9.1|) . In Section 14, the dictionary will also be 
applied to the right column of the picture. 

As a conceptual orientation, we recall first that the operator current modes (|4.6j). 



E a {m) = -te am ^V ifl (B) - -kQ am v * (10.2a) 



v iti {B) - 2 kB ttlJu e a ,_j» v ab n bm y* 

and the corresponding mechanical Lagrangian (|6.8|) on G, 

k k 

J-iM ^'lab c 'ifi t-jv u r A u T j-, y^L am ~r ^u 1 ^ 1 j V u t j j c a 



ifj,\ ab 



(10.2b) 



V ab n b ,-J* (io.3) 



make no reference to any spatial variable a. In what follows, we will define cr-dependent local 
fields on G whose cx-independent modes are the quantities on G. Except where it is relevant, we 
will suppress the time dependence of all quantities. We will discuss the translation dictionary 
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first for the quantum system, returning later to indicate the simple changes necessary for the 
corresponding classical results. 

We begin with the canonical operator system 

[x^, Pju ] = i^, p iM = -id ¥ (10.4) 

where x lfl are the Einstein coordinates on G. It is useful to define the corresponding canonical 
tangent-space system, 

d i 

Pam = ~i Q^am = ~^ am = (PamX ^)Pi^ (10.5a) 

[P am , Pbn ] = i5 bn am , [P am , P bn ] = \p am , Vhn \ = (10.5b) 

where f3 am is the tangent-space coordinate on G in (|9.3|) and d am x l ^{(3) is the inverse of the 
matrix di^f3 am (x). 

We then define the local WZW fields in terms of a periodic coordinate < a < 2tt, 

(3 a {x{a)) = e ima p am {x) (10.6a) 

m 

Pa (a) = ^Y.^ ma Vam (10.6b) 

where x l (a),i = l...dimg are the local Einstein coordinates on G and f3 a (x(a)) are the 
tangent-space coordinates on G in (pT3|) . Note that in this moding upper and lower tangent- 
space indices are associated to e tma and e~ tma respectively. 

As we will see below, the tangent-space mode identities ( |10.6|) are correct because: 
• The mode identities guarantee the same simple e ±mcr moding for all objects with tangent- 
space or carrier-space indices. The moding of objects with Einstein indices is more involved, 
as discussed below. 



• The mode identities guarantee equivalence of the mechanical system ( |10.3|) on G with the 
conventional WZW model on G. We mention in particular (see Section |T2|) that conventional 
WZW averages on G 

(T[P a (x(r,a))]) G = (^E^ m<T /3 am (x(r))]) 6M (10.7) 

m 

can be computed for any T as shown, using the mechanical formulation (Gm) on G. 

The relation (|10.6a|) allows independent choices of bases on G and on G, which control 
the moding of the Einstein coordinates. For example, one may choose the standard bases 

P a {x{a)) = 3^)^(0), (3 am {x) = x l ^e ltl am {0) (10.8) 
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where ej a (0) and ej M am (0) are the vielbeins at the origin on G and G respectively. Then one 
obtains the mode relation of the Einstein coordinates, 



x la 



x 



.)>■' 



X ei / m (0)e imCT )e a l (0) 



(10.9) 



and more complicated relations are generally obtained for other basis choices. 

It is straightforward to check that the local tangent-space fields in (|10.6| ) are canonical 

[/3 a (x(a)),p b (a')} = i5 h a 5{e - a'), [(3 a (x(a)), f3 b (x(o'))} = \p a (a) , p b (a')} = (10.10) 

so p a (a) is the functional derivative —i5/5f3 a (x{a)). 

Although their moding may be complicated, the Einstein coordinates are periodic func- 
tions of a, and one can also find the corresponding local canonical Einstein system, 

Pi (a) = d^ a (x(a))p a (a) (10.11a) 

[x i (<r),p j (o r )]=i6 j i 5(<r-<T'), [x i {<r),aP{a')} = [p, (<r) , ^ (</)] = (10.11b) 



by using chain rule from the local tangent-space system ( |10.10|) . It follows that the local 
Einstein momenta are functional derivatives 

1 



2tt 



di/3 a {x{a)) £ e- im "(d am x^((3))id itl 



5x l (a) 

with respect to the local Einstein coordinates. 
Group elements 



(10.12) 



We consider next the the group elements g G G and g G G in ( |9.3|) , whose mode relations 
have the form 

£ e i(n-m)a^f ? ^Jn = g ^ ^^J Wi G Z (10.13a) 

m 

g(f, x) Im Jn = -L / ATe*( m -^(T, x(a))/ (10.13b) 



where I, J — 1 . . . dimT. The inverse relation ( 10.13b ) follows from ( 10.13a ). 

The relation ( |10.13a| ) is proven separately for each order in H and H, where 

H = (3 am (x)f am , g(f,x) = e i6 

H{a) = (3 a (x(a))T a , g(T,x(a)) = e iH ^ . 



(10.14a) 
(10.14b) 



As an illustration, we discuss the lowest orders explicitly. To zeroth order, the relation (|10.13a[) 
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is an identity because 

{l) Im Jn = 5 T J 5 m n , (!)/ = <?/. (10.15) 
The first order computation is 

Jn 

' h> ' K^JK^-apJIn 

p,m 



= Y.^ ipa r{x){T a ) I j 

V 

= /? a (x(a))(T a )/ 

= H(a)/ (10.16) 

and higher orders are easily checked following similar steps. 

The form of the result (|10.13a ) is somewhat surprising, because one might have expected 



a double sum over m and n. In fact this form is natural because, in their carrier space indices, 
the affine matrix representations Ti m Jn (see ( |B.8|) ) and the affine group elements gi m Jn are 
functions only of m — n. 

In the same way, one establishes the general relations 

^ i{n ~ m)a (HH))i m Jn = (T(H(a)))j J , VnGZ (10.17a) 

m 

F(H)) Im Jn = ^ / dae^ m - n ^(T(H(a)))j J (10.17b) 

Z7T J 

Tr(F(H)) = — I daTr(F(H(a))) (10.17c) 

for all power series J-"(H), where Tr is trace on Lie g and the rescaled traces Tr on G are 
defined in Section ||. 

Antisymmetric tensor fields 

The general relation ( pLO. 17a| ) is sufficient to obtain the mode relations of any object with 
two free indices, such as the group elements in ( |10.13|) . As a second example, we consider 



the mode relation between the antisymmetric tensor field B ifl j l , on G and the standard an- 
tisymmetric tensor field By on G. Since these objects have Einstein indices, we employ the 
transition functions d am x tfJ, (P) and d a x l {f3{a)) to generate tangent-space structures with simple 
moding, 

d am x*(J3)B ilhj v(x)d bn x i ''(P) = (N(H ad i)) am c Pfi cpM (10.18a) 
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^ i (^((7))%(x((7))5 6 ^(^( ( 7)) = (N(H ad \a))) a c Vcb (10.18b) 
Y,e i(n - m)a (N(H ad J)) am bn = (N(H adj (a))) a b , VnGZ (10.18c) 

m 

H adj = (3 am (x)f^, H ad 3{a) = f3 a {x{a))Tf (10.18d) 

where the function N(H), which is the same for both G and G, is given explicitly in Appendices 
A and B. The mode relation ( |10.18c|) is a special case of (|10.17a|) , and, using this relation, we 



find that 

£ e^^ )ff d am x*(P)B ilt ju{x)d bn x' v {P) = d a x\(3{a))B i3 {x{a))d b x^(3{a)). (10.19) 

m 

This mode relation may also be written 

BijW*)) = d^ a (x(a)) (Y,e- l{m+n)a d am x k ^P)h,A^dbnX lu ((3)) d 3 f3\x(o)) (10.20) 



because the transition functions are invertible. In both eqs.( 10.1§| ) and ( |10.20| ), n G 2 is 
arbitrary. 

Vielbeins 

As another example with two indices, we follow similar steps to obtain the mode relations 
of the vielbeins on G and G, 

Y,e i{n - m)a d am x i ' J '{P)e i bn {x) = Y,e l(n ~ mh ( M (H ad n)am bn (10.21a) 

m m 

= {M{H adj {a))) a b (10.21b) 
= ^(/5(a)) ej 6 (x(a)) (10.21c) 

e b {x{a)) = <9^ a (x(a)) £ e l ^ c 'd am x^ \f3)e jv bn {x), Vn e Z (10.21d) 

m 

where the function M(H) is given explicitly in Appendices A and B. We also find the corre- 
sponding results 

e b \x(o)) = Y,e~ l(n ~ mh Zbn JU (x)d ju p am (x)d a x\f3(a)) (10.22a) 

m 

ei\x(a)) = d t f3 a (x(a))J2e l{n - m)a d am x^((3)e 3U bn (x) (10.22b) 

m 

e b \x(o)) = Y,^ l(n ' m) ^bn :iu (x)d :iu p am (x)d a x l (P(a)), V»eZ (10.22c) 

m 

for the other vielbein and the inverse vielbeins. 
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Other mode relations 

We turn now to mode relations for general objects with fewer than two free indices. These 
relations will be important for the currents and the action, discussed in Sections [11| and [12. 
In what follows, we limit ourselves to the adjoint representations. 

A general class of one-index tangent-space objects is formed by contraction of the tangent- 
space coordinates or tangent-space momenta with the general two-index structure J-{H) in 
( |10.17a| ). For example, one has 

{3 a (x(a))(F(H ad 3(a))) a h = £ e tm °(3 am (x) £ (F(H ad i)) am bn 

m n 

= Y. eina P am ^)^^)) am hn . (10.23) 

n 

Similarly, one finds the relations 

^einaQ^am^^jjadj^bn = ^(x^)) (F(H°* (d))) a 6 (10.24a) 
n 

Y / e ina tmP am (x)(J'(H ad n) am bn = d a f3 a (x(o))(F(H ad i(o))) a h (10.24b) 

n 

^e-^^'jJ^V = 2n(F(H ad \a))) a b p b (a) (10.24c) 

m 

by using d T /3, d a (3 or p instead of (3 in ( |10.23|) . 

As an application of ( 10.24b ), we find the relations 

Y,e- imr7 g(f ad \x) am y * = d^ia^ixia))^ (10.25a) 

rn 

Y,e- ma n am y *(x) = d a x\a) ei b (x(a)) Vba (10.25b) 

m 

where we have also used the explicit /3-basis forms of the adjoint action Q = g~ 1 (T ad: ') and 
the vielbeins given in the appendices. Taken with eq. (|10.13| ), these results complete the mode 
relations of the affine group elements. 

A large class of mode relations for objects with no free indices is similarly constructed. 
We give here only some representative results, 

/? am (x)(^(^)) am c ^ cpM /3 b "(x) = -!- / C /a/? a (x(a))(^(^(a))) a W 6 (x( ( r)) (10.26a) 

ZTT J 

d T ^ m {x){T{H^)) am c ^ M d T ^{x) = ±- [ dad T p a (x(a))(F(H ad > {a))) a c Vdb d T (l\x{a)) 

271 J 

(10.26b) 
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(10.26c) 

m/5 am (a;)(^(^)) am c ^ cpM ^ b "(x) = ~ j dad a p a (x(a))(^(H^ {a)))^^^)) 

(10.26d) 

27T J 

(10.26e) 

although other relations of this type are easily obtained to describe contraction of T{H) with 
tangent-space momenta. 

As anticipated, the translation dictionary of this section conforms to the rule that upper 
and lower (affine) tangent space and carrier space indices are associated to e %ma and e~ ima 
respectively. This rule holds as well when (affine) tangent-space indices are raised and lowered 
with the rescaled Killing metric. 

The translation dictionary has an isomorphic classical form which is obtained by replacing 
the quantum operators p^, p am , Pi(cr), and p a {cr) with their corresponding classical momenta. 

In the following sections, we apply the translation dictionary to the central structures of 
the theory, that is the currents and the action. 

11 Local fields and local currents 

The operator current modes ( [10.21 ) 

hn am y% E a {m) = -ie am ^V^{B) - ~ 



E a (m) = -ie am ^V ifl {B) + -kn am y % E a {m) = -ie am ^V^{B) - ~k£l am y * (11.1a) 



^(i).^4^e tti _ m V b ^ (11.1b) 

are functions of the coordinates on the affine Lie group, and derivatives with respect to these 
coordinates. In this section, we use the translation dictionary above to express the local 
operator currents, 

E a {°) =J2e~ imaE aMi E a (a) = ]>>- imCT £ a (m) (11.2) 
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as functions of the local fields on the Lie group, and functional derivatives with respect to 
these fields. This section is strictly current-algebraic and does not depend on any particular 
dynamics[]. 

For the left-invariant currents, follow the steps 



EJa) 



= ]T e- m °((C(H ad >)) am bn Pbn - iknP bn (x)(D(H ad i)) bn c Pfi cp , am ) 

m 

= 2n(C(H ad i(a))) a b Pb (a) - kd^ c {^)){D{H adj {a))) c \ a 

k 

= 2irea(x(a))pi(B, a) + -r] ab ei b (x(a))d a x l (a) 

k - . * 

Pi»(B) = -iV itl (B) = p^ - -B i ^ ju (x)e a _ m J "(x)ri ab n bm y '-(x) 

k 

Pi(B,a) = pi(a) - — B ij (x(a))d (T x : '(a) 

47T 



(11.3a) 

(11.3b) 

(11.3c) 
(11.3d) 

(11.3e) 
(11.3f) 



where the operator momenta p^, p am} Pt(c), and p a (c) are defined in Section |10|. To ob- 
tain ( |11.3b ), we used the explicit /3-basis form of the reduced affine Lie derivatives given in 
Appendix B. The functions C(H) and D(H) are also given in this Appendix. Eq.( |11.3c| ) 
follows from the mode relations ( |10.24b| ) and ( |10.24c|) . Finally to obtain (|11.3d| ), we reorga- 
nized ( |11.3cj ) using the explicit /5-basis forms (see Appendix A) of the vielbein ei a and the 
antisymmetric tensor field Bij on G. 

Following similar steps for E, we summarize the results for the local operator currents of 
affine g x g, 

h 

(11.4a) 



E a {a) = -2^e a (x((T)) i P i ( J B, ( T) + -^e>(x( ( r))9 (7 x i (a) 
E a (a) = -2 7 rze a i (x(a))P i ( J B,a) - -^^(tr))^^) 



Vi(B,a)=i Pi (B,a) 



5 i 

kBij {x(a)) d^x 3 (a) 



;n.4b) 

(11.4c) 



5x l (a) Air 

where we have used the fact that the local Einstein momentum Pi(a) in ( |10.12j ) is a functional 
derivative. 



Tin the context of the mechanical model on G, the classical analogues of the current modes (11.1) were 
denoted by E a (m, r) and E a (m, r) in eq.(6.2b). In the context of the field theory on G, the classical analogues 
of the local currents ( 11.2 ) were denoted by E a (r,a) and E a (r,a) in eq.( 7.10| ). 
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The classical version of this result is Bowcock's canonical representation [12] of affine g x g 



E a (a) = 27Te a \x(a))pi(B,a) + -p ah ei h {x(a))d a x\(j) 

k 

E a (a) = 2ire a t (x((r))p i (B,a) - -r) ab ei b (x(a))d a x l (a) 

k 

Pi{B,a) =Pi{a) - —B ij (x(a))d rT x :) '(a) 



where Pi(cr) are classical canonical momenta. 



12 Mechanics on G and WZW on G 



12.1 Classical equivalence 



(11.5a) 
[11.5b) 
(11.5c) 



In this section, we use the translation dictionary of Section [10] to show that the mechanical 
Lagrangian Lm on G in (|10.3|) is equal to the conventional WZW Lagrangian, 



k 



—rt,p a '~ m p bm r)r i t 1 r)ri u — — (() 9» J-9R. ■ c) t3 v p i lA n ab 0, !/• h9 1' 
. 'lab^ifj, t-jv u T j-, u T j^ \iL am T z,JJ i/iji' L/ T J ' c ara I '/ * L b,—rn l, iz,ii < 



k 



•57T 



da 



r]abei a ej b (d T x l d T x 3 - d^d^x 3 ) + 2B ij d T x t d a x 3 



= L 



WZW 



;i2.ib) 



where L WZ w m (|12.1b| ) is the usual sigma model form of WZW on G. 
To see this equality, follow the steps, 



L M = ^(d T (3 am d T (3 bn + m(3 am n(3 hn ){F{H ad3 )) am c ^ cpM + ^d T (3 am {G{H ad3 )) am c ^ cpM tn(3 bn 



S7T 



da 



(d T p a d T P b - d a p a d a p b )(F(H ad3 )) a c Vcb + 2d T P a (G(H ad3 )) a c Vcb d a (3 l 



A / da 

Sir 



Votefe/ '{drx^rx 3 - d^d^x 3 ) + 2B ij d T x i d a x 3 



'WZW- 



[12.2a) 



[12.2b) 



12.2c) 



To obtain ( |12.2aj) from ( |12.1a|) , we used the explicit /3-basis form of the mechanical action 
given in Appendix B. This Appendix also gives the functions F(H) and G(H). The form in 
( |12.2b| ) then follows from the mode relations ( |10.26| b,c,d). Finally, one notices that ( |12.2b[ ) 
is the /3-basis form (see Appendix A) of the conventional WZW Lagrangian on G. In this 
computation, the (f2 y *) 2 term becomes the (d a x) 2 term (as can also be seen from the relation 
( |10.25bp ) and the B term becomes the B term. 
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12.2 WZW in terms of g(x(r)) 6 G 

We can also use the translation dictionary to obtain the g form of the mechanical action, 

S M = ~ J drTi{g- l d T gg- l d T g - g^g'g^g') + ^-J dr^dpe^Mt'g'g^dAgg-'dBg) 

(12.3a) 

(g') Im Jn = i(n - m)g Im Jn , A = (r, p), e 01 = +1 (12.3b) 

where g(T,x(r)) G G is the reduced affine group element in affine matrix representation T. 
This form of the mechanical action follows directly from the conventional WZW action 

Swzw = J drdaTrig-'dgg-'dg) - ^- J Ti{g- l dgf 

= S M (12.4) 

usingQ the g <-> g mode relation ( p.0.13| ) and the trace relation ( |10.17c| ). 

The elegant action (|12.3|) is another central result of this paper. This form of the mechan- 
ical action shows a two-dimensional WZW term on G, which is equal, under the translation 
dictionary, to the conventional three-dimensional WZW term on G. 

One can say more about the structure of the two-dimensional WZW term. Comparing 
( |12.1a| ) and (|12.3a|) , we find the identity 

J dr £ dpe^Mg^g'g^dAgg^dBg) =xj drd^B^e^rf^.J* (12.5) 

between the two-dimensional and the one-dimensional forms of the WZW term on G. This 
identity also follows from the divergence relation 

e^Tiig^g'g^dAgg-'dBg) = d A w A (12.6a) 

W A ee -xe^dBX^B^eaJ^Cl^* (12.6b) 

J dr £dpe AB Tr{g~ 1 g'g~ 1 dAgg' 1 d B g) = J drW p (r, p = 1) = X J drd T x^B lMV e a J v rf h tl h ^ 

(12.6c) 



*For the WZW terms, the mode identity is /3 a (r, c, p) — J2 m e lma (3 am (r, p). Regularity of the conventional 
WZW term requires d a f3 a (p = 0) = along the axis of the cylinder, which implies that mj3 am (p = 0) = on 
G. It follows that W A (p = 0) = 0, where W A is defined in (12.61). This is why there is no boundary term at 
p = in (|l2.6c|) . 
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whose structure parallels that of the WZW term on G in ( |S.22| ) and the conventional WZW 
term on G. For a direct proof of the divergence relation, follow the steps, 

e^Trit'g'g-'dAgg-'dBg) = ^ J daTrig-^glg-^g^dpg]) (12.7a) 

= h I t ^fob e 9rX i d p xid ir x k e i a e j b e k d Vdc (12.7b) 

}Cfam,bn ^d T X ^9pX^ Ci^ Gj u &cp^ (12. 7c) 

= -xe AB dBX^d A {B^ jv e a J^ ab Cl b> ^) (12.7d) 
= d A W A . (12. 7e) 

To obtain (12.7a) one uses the g <-> g mode relation ( |10.13| ) and the trace relation ( JlO.lTcj) , as 
above. The form in ( |12.7b| ) follows by evaluation of the trace. To obtain ( |12.7cj ), one returns 
to G by the mode relation (|10.26ej ) (or the vielbein relation (|10.21|) ) and the explicit /3-basis 
form of the adjoint action Q in Appendix B. The B form in ( [L2.7d|) is then obtained from 

(ID- 

We have also worked out the variation of the mechanical action ( |12.3j ), using 

S(g)im Jn = i(n - m)(5g) Im Jn . (12.8) 

For this computation, it is useful to define the prime operation on any matrix-valued function, 

{T') lm ]n = i(n - m)T Im Jn (12.9) 

which includes ( |12.3b| ) as a special case. The prime operation satisfies a Leibnitz rule and an 
identity which is analogous to integration by parts, 

{T X T 2 )' = T[T 2 + T X T' 2 (12.10a) 

Tr(^ 2 ) = -Tr^i^)- (12.10b) 

Then we find that the variation of the WZW term is a total derivative, 

6 (s^Mg-'g't'dAgg-'dBg)) = d A (e^r^r^&rOT) (12.11) 

and the resulting equation of motion of the mechanical system is 

dr(g- x d T g + TV) - (g-%g + g-'g'Y = 0. (12.12) 

Under the translation dictionary, the prime operation becomes the derivative with respect to 
a, and the equation of motion ( |12.12| ) becomes the usual equation of motion d(g~ 1 dg) = of 
the conventional WZW formulation on G. 
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12.3 Formal Haar measure on G and formal quantum equivalence 

In this section, we give the relation between the formal Haar measure on the affine group and 
the Haar measure on the Lie group. We use this relation to establish the formal quantum 
equivalence of the mechanical formulation on G with the conventional WZW formulation on 
G. The statements of this section hold only up to irrelevant constants. 

The formal Haar measure dg on G is equal, under the translation dictionary, to the spatial 
product of Haar measures dg on G, 

dg(x) = Y[dg(x(a)) (12.13a) 



dg(x) 



\{dx^ j y/detG(x), dg(x(a)) = (Hdx^aU y/detG(x(a)) (12.13b) 



Gi^jy — ^ifj, y)am,bn&jv ; — Vab&j (12.13c) 



where G^jy and Gij are the target-space metrics on G and G. 

Our proof of ( |12.13a| ) goes through tangent-space variables as usual, 



dg(x) = [l[d(3 am (x))e^^Ej (12.14a) 

\a,m / 

= (l[dp a (x(a))\ e^ (0) / dffTrln6 (12.14b) 

\a,<7 / 

= Udg(x(a)) (12.14c) 

a 

Qam hn = d am x^G iMV d cv x Jv ff^ hn , Q a b = d a x l G %3 d c x 3 rf h (12.14d) 

where 5(0) = (l/27r) J2m is the periodic delta function 5(a) at a = 0. 

Taken with the action equality Sm — Swzw in ( |12.4j ), this result shows the formal quan- 
tum equivalence of the mechanical formulation on G with the conventional formulation of 
WZW on G, 

\v M g) e iSM = [ (Vg) e iSwzw (12.15a) 



V M g = \{dg(x(r)), Vg = \\dg(x(r 1 a)) (12.15b) 

r t,ct 

V M g = Vg (12.15c) 



37 



where T>g in (|12.15b| ) is the formal functional measure of the conventional formulation. It 
follows from ( |12.15| ) and (|10.6a|) that conventional WZW averages on G 



(F[(3 a (x(T,a))]) G = (fEe'T m Wr))]) 6M (12.16) 

m 

can be formally computed for any T as shown, using the mechanical formulation (Gm) on G. 

As seen above, the formal measures dg(x) = Y\ a dg(x(cr)) and T>u9 — T^9 have closely 
related formal divergences. It is an important open problem to find suitably regularized forms 
of these measures. 

13 Field theory on G and formal quantum equivalence 

In this section we use the formal Haar measure on G to discuss the formal quantum equivalence 

constraint 
g{x{r)) - g(x(r, a)) 



g(x(r,a)) ■ ■ ■ g(x(r,a,a)) (13.1) 

of the field theory on G with the mechanical system on G and the conventional formulation 
of WZW on G. These equivalences were discussed at the classical level in Section 0. Our 
conclusion is that we may take the spacetime product of Haar measures on G as the functional 
measure for the field theory on G, and this measure dictates a more elegant form for the 
constraint term of this formulation. Again, the measure relations of this section hold only up 
to irrelevant constants. 



For the discussion here, it is convenient to write the action (|8.23 ) of the field theory on 

G as 

Sp = S + S c (13.2a) 

So = / drdaTi (g^dgg^dg) - ^— [ M^dgf (13.2b) 

S c = - / dTdaTrifam In g)(id a + m)X am (13.2c) 
X J 

where Sc is the constraint term. 
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Starting from the partition function ( J12.15aj) of the mechanical formulation, we can use 
the constraint identities ( 7.13 ) and ( 7.15| ) to derive the partition function of the field theory 



on G. The result is 



J(V M g)e lSM = j ( J] dx^(r,a)j (j\ ^det G(x(r, <t )) e iSo S[d a x^ - r, ab e am ^Cl b ^} 

T 'Z™ (13,3) 

where G is defined in ( |12.13cj ) and we used the fact (see eq. ( [7.25| )) that S = Sm on the 



constrained subspace. The functional measure in this relation contains an unaesthetic product 
of affine Haar measures at a fixed reference point <j$ in a. 

We can obtain a more elegant form of the functional measure by changing variables to 
the reduced affine group element g. One begins with the solution of the constraint 

P am (x(r, a)) = e ima p am (x(r)) (13.4) 



given in ( [7. 14| ) . Following steps parallel to those used in proving eq.( |10.13a|) , we find the 
ex-dependence of g 

g(f, x(t, a)) Im Jn = jP am (^*))f am = e i(n- m )*0 ; x ( T )) Im Jn (13.5a) 

d a g = g' (13.5b) 
(g') Im Jn = i(n - m)g Im Jn (13.5c) 

on the constrained subspace. 

One may then prove the following relation 

g-\d a g - g') = i(d a x^ - ^e am l ^ bj _ m ^)e^f cp (13.6) 

which holds on or off the constrained subspace, and which gives the g form of the constraint. 
This relation can be proven order by order in (3 am 1 or by the following simple argument. Using 
only chain rule and the vielbein relation ( |3.14|) , one finds that g(x(a)) satisfies 

g- X d a g = id a x^e^ am f am (13.7) 



on or off the constrained subspace. Because both sides of ( |13.6|) vanish on the constrained 
subspace, it then follows that 

g- l g' = zv ab ^a,-m yt f bm (13.8) 
on the constrained subspace. But neither side of (|13.8|) has any sigma derivatives, so this 



relation, and hence ( |13.6| ), must be true on or off the constrained subspace. 
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Using the relation ( |13.6| ) in the partition function ( |13.3| ), we find that 



J (V M g) e iS " = J (V F g) e^Sft-^g - g')] = J (VXD F g) e iS - (13.9a) 
V F g = Y[dg(x(r,a)) (13.9b) 

T,<T 

where the g form of the constraint appears in the functional delta function, and T> F g is the 
spacetime product of Haar measures on G. The improved action S F of the field theory on G 
is 



S F = J drdaTr (g^dgg^dg) - J M^dg) 



- / drdaTi(\g-\d a g - g')) (13.10) 



X 

where g(T,x(r,a)) G G is the reduced affine group element and g' is defined in eq.( |13.5c j ) . 



Because of the formal quantum equivalence ( |13.9a|) , this form of the field theory on G is another 
central result of the paper. Of course, the improved action S F and the action Sp = So + Sc 
in " 



13. 2|) are classically equivalent, differing only in the form of the constraint. 



Summary of the quantum equivalences 

Collecting the results ( |12.15a| ) and ( |13.9a| ), we have the formal quantum equivalences, 

J {Vg) e iSwzw = J (V M g) e iSM = J (VXV F g) e iSp (13.11) 

among all three formulations of WZW theory. Similarly, the results (|7.16 ) and ( |12.16|) may 
be combined to obtain the relations 

(F{(3 a (x\T,a))]) G = (fEe'Tlx'lr))])^ = (^E P am (x^(r,a))]) dF (13.12) 

m m 

among the formal averages of all three formulations. 

14 WZW as a field theory in three dimensions 

We finally turn to WZW as a three-dimensional field theory on G, a formulation which we will 
derive from the two-dimensional field theory on G 

g(x(r)) ■ ■ ■ g(x(r,a)) 
modes 

g(x(r,a)) ■ ■ ■ g(x(r,a,a)) (14.1) 
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by another application of the translation dictionary of Section |TI]. In this case, the partial 
transmutation of the base and target space is 

x^{r,a) <-> x\T,a,a) (14.2a) 

g(x{r,a))\ RxS^G, g(x(r,a,a)) : ExT 2 hG (14.2b) 

where < a < 2ir is an additional periodic coordinate. 

We begin with the form of the two-dimensional field-theory on G, 



S = -—JdTdafr(g- 1 dgg- 1 dg)-—jMg- 1 dg) 3 

+ - I dTdaTr(Xg-\d a g - g')) (14.3) 
y J 



k 

X 

obtained in Section O. Next, we define fields on G which are local in a 



{3 a (x(r,a,a)) =J2 eimB P am (<T,a)), (A(r,a,a))/ = ^ e^- m ^(A(r, a)) Im Jn (14.4a) 

m m 

g(T, x(t, a, a)) = jFWw))?* e Q (UAb) 



Then the action ( |14.3|) can be reexpressed as a three-dimensional field theory on G, 



S 3 = J drdadaTT(g- 1 dgg- 1 dg) - J Tr(g- l dgf Ada 



+ 



■ J dTdaddTi(\g- 1 (d (J - d&)g) (14.5a) 



Att 2 X J " ' ' 21;t-\ 

_k_ 

Tc^dg) 3 Ada = dTdadpdae ABCr ^{g~ x d A gg~ x d B gg- x d G g) (14.5b) 

A=(r,a,p), e 012 = +l (14.5c) 

with a four-dimensional WZW term. The first two terms of (|14.5a|) follow from ( |14.3| ) in a 
single step using the trace identity (|10.17c ), and the form of the constraint term follows from 



([10.17(f) and fll44aP . 



The three-dimensional action ( 14.5| ) completes the quartet of formulations of WZW theory 



announced in the introduction and shown in eq. ( |9.1| ). 

It is clear from the derivation above that the three-dimensional form of WZW theory 
is equivalent to the other three formulations. Instead of developing translation dictionaries 
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between this formulation and the formulations on G, we confine ourselves here to showing a 
direct equivalence with the conventional WZW formulation on G, 



g{x{r)) ■ ■ ■ g(x(r,a)) 



constraint 

g(x(r, a)) - g(x(r, a, a)) (14.6) 

in parallel with the demonstration at the end of Section 0. 

To see this equivalence, we start with the three-dimensional formulation and solve its 
constraint, 

(d (7 -d a )g(x(r,a,a)) = (14.7) 



which is the equation of motion of the multiplier A in ( |14.5a| ). This constraint can be simplified 

to 

(d ff -d&)x i (T,a,d) = (14.8) 

and one also finds that 

P(x(t, a, or)) = e im{cj+d) (3 am {x{r)) (14.9) 
by using and eqs. (|14.4a|) and ( |14.8| ). 



Then it is convenient to define new variables on T 2 , 

a + = a + a, a~ = a - a, < a' < 2tt (14.10) 

so that x l = a;*(r, a + ). It follows from periodicity on T 2 that, as in ( |14.9| ), all the quantities of 
the theory on the constrained subspace are periodic functions f2n(x(r, a + )) of a + with period 
27r, and moreover, 

/ da daf 27T (x(r,a + ))= da' da + f 2n (x(r, a + )). (14.11) 
Jo Jo Jo Jo 



Therefore, on the constrained subspace, the three-dimensional action ( |14.5a| ) has the form 



S = ~— J drda+Tr (g-'dgg-'dg) - — J Tr^dg) 3 (14.12) 

after doing the integration over a~ . The three-form in ( |14.12j ) now contains a factor drda + dp 
so, with the identification awzw = this is the conventional WZW action on G. 
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Appendix A: Identities on G 



We list below some useful identities on the Lie group G, including in particular the explicit 
/3-basis forms of various quantities which are central to the proofs of Sections |T0, [11] and 
|T2"| . Here, J a ,a = 1 . . . dim g are the generators of Lie g, and x 1 , % = 1 . . . dim g are Einstein 
coordinates on the group manifold. 

A. Group element and adjoint action. 

g(J,x) =e lf5a{x)Ja (A.la) 

gJ a g~ x = tt a b J b , n a c r] cd n b d = r] ab (A. lb) 

Q a b = (e~ iHad3 ) a \ H adj = (3 a T* dj . (A.lc) 

The quantities r\ ab and are the Killing metric and adjoint representation of Lie g. 

B. Vielbeins and inverse vielbeins. 

e; = -ig^dig = ei a J a , = -igdig' 1 = &i a J a (A. 2a) 

<9;e/ - djCi 1 = ei b ej c f bc a , ejdie b j - ejdiej = f ba c ej (A.2b) 
e t a = -e b Q b a , e a l = -(Q-^aW (A.2c) 

e? = di(3 b (M(H adj )) b a , M(H) = (A.2d) 



The Cartan-Maurer and inverse Cartan-Maurer relations in ( A.2b ) hold also for e — > e. 
C. Antisymmetric tensor field. 

( p iH _ p -iH\ _ noff 

Bij = d^dj^riUNiH^))^, N(H) = { - (A.3a) 



i 



i 

itH a JtH 



Bij = - dtTr (Hdte- ttM dj ] e %tH ) , H = (3 a T a (A.3b) 
i 

diB jk + djB ki + d k B i: j = -Tr(ei[ej, e k }), Tr(T a T b ) = xVab- (A. 3c) 

T a is any matrix irrep of Lie g. 
D. Local currents on G. 

E a (a) = toejptiB) + ^r, ab e b d„x l = 27r(C(H ad ^) a b p b - kd a (3 c (D(H a <®)) c b r) ba (A.4a) 
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E a (a) = 2ire a i p i (B) - \w?d a x l = 2n(C(H^)) a b Pb + kd a [3 c (D(H ad3 )) c b Vba (A.4b) 



k 

Pi(B) = pi - —BijdrX 3 , Pi = di(3 a p a 



C{H) 



C{H) 



iH 



e iH - 1 ; 
iH 

o-iH _ 1 



D(H) 



D{H) 



e -iH -l + iH 

iH(e~ iH - 1) 



AH 



1-iH 



iH(e iH - r 



(A.4c) 
(A.4d) 
(A.4e) 



The canonical momenta Pi(a) and p a (cr), which can be classical or quantum, are defined in 



Section 10 



E. Conventional WZW Lagrangian on G 
k 



•571 

k 



da 



Vab^ej ■ (d T x l d T x 3 - d^daXp) + 2Bijd T x l d a x 3 



(A.5a) 



— J da ((d T (3 a d T (3 b - d a (3 a d a (3 b )(F(H ad3 )) a % b + 2d T (3 a (G(H ad3 )) a c r ]cb d f7 (3 b 

(A.5b) 



F(H) 



2 - e iH - e~ iH 



G(H) = N(H) 



(e iH - e~ iH ) - 2iH 



The g form of the conventional WZW action is given in ( |1.2b| ). 



(A.5c) 



Appendix B: Identities on G 

We list some useful identities on the affine Lie group G (analogous to those on G in Appendix 
A) including in particular the explicit /3-basis forms of various quantities which are central 
to the proofs of Section pi], |ll| and |12| Here J a (rn),a = 1 . . . dimg,m G Z are the current 
modes and i = 1 . . . dimg, /i e Z are the coordinates on the reduced affine group manifold. 
Einstein and tangent-space indices are A, T = (ifj,, y) and L,M = (am, y*) respectively, and 
Jl — (Ja( m ), k) are the generators of the affine group. 
A. Reduced group element and adjoint action. 

g(J,x) =e^ am{x)Ja(m) (B.la) 

Q3l9 1 = ' 3hl, &am CP Vcp,dq&bn d9 = Vam,bn (B.lb) 

n L M = (e- iAadj ) M , H adj = (3 am f^ (B.lc) 
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( -ifi ad i _ i \ bn 

^ adj {H adj ) bn y '. (B.ld) 
/ am 

The quantities fj am>bn and T ad i are the rescaled Killing metric (see Section |]) and the adjoint 
representation of the affine algebra. 
B. Vielbeins and inverse vielbeins. 

eif, = -ig^d^g = e ifl L J L , e ifJ , = -igd^g' 1 = e ifl L J L (B.2a) 

di,e JU L - d jv e ifl L = e ifl M e jv N f MN L , e L ^d ifl e M jv - e M ^d ¥ e L ^ = f ML N e N ^ (B.2b) 

e v L = -e ltl M (l M L , e L * = -(^T 1 )/^ (B.2c) 



e iH _ 1 



, /( (x) = ^/? am (x)(M(^)) am L , M{H) = — — . (B.2d) 

The Cartan-Maurer and inverse Cartan-Maurer relations in ( |B.2b| ) hold also for e — > e. 
C. Antisymmetric tensor field. 

e iH — e~ iH — 2iH 

= d^d^vUNiH^))^-", N(H) = —y 2 (B.3a) 

, v. = l 
e ^ 2 



Bi^jv 



Bin t jv&a,—m V ^i/x J ^brn^ (B.3b) 

- £ dt T r (Hd {ill e- itk d jv] j t& ) , H = (3 am f am (B.3c) 



A ^ A 

di^Bju.kp "I - dj U Bi S pi fl + dkpBi^ ju = Tr(ej^[ejV; e fcp]) (B.3d) 

difii^B jv,kp&a,—m ^1] ^6m" ) (^/^ ^""^ J^) ^i/i ^jf fam,bn ^^cp^ • (B.3e) 

T and Tr are the matrix representations of the affine algebra and the reduced traces discussed 
in Section R. 

D. Affine Lie derivatives. 

E a {m) = e am ^p ifl (B) + -A^m* = (C(^^)) am b > feri , - tkn(3^(D(H ad ^) bn c Pfi cp>am (B.4a) 

£a(m) = e a J^{B) - hn am y* = (C(H adj )) am bn p bn + tkn(3 hn {D{H^)) bn c ^ am (B.4b) 

Pipi.B^j = ~kBip j u C a — m ^ Tj d bm ^ , Pj^j dip(3 Pam (B.4c) 



iff p~ iH — 1 4- iff 

cm - d W = e (B.4d) 
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j ff piH _ I _ off 

C(H) = ^- V D(fl)= i_^. (B.4e) 

The canonical momenta £>j M and p am , which can be classical or quantum, are defined in Sections 
| and 0. 

E. Mechanical Lagrangian on G. 



k b k ( * * \ 

Z/ ~^}ab&i\i &jv 9 T X d T X — \ Vt am -\- 1Bi^ j u d T X^ Cam, 1] ^b,—m (B.5fl) 

(B.5b) 

9 _ P iH _ p —iH (piH _ p ~iH\ _ cy-rr 

F(H) = \ 2 e , G(H) = N(H) = £ 2%H . (B.5c) 



The purely group-theoretic forms of the mechanical action on G are given in eqs.( |6.7D and 
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